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1. Introduction

Bose-Einstein condensation: neutral atoms are caught in a trap and
cooled down to ≈ zero temperature, where a macroscopic quantum
state forms in which all bosons occupy the same ground state

Gross-Piatevksii equation for Bose-Einstein condensates (BEC)

BEC with long-range interactions



ground state of interacting neutral atoms at T = 0

system of N identical bosons in an external potential U(~r),
interacting via a two-body interaction potential V (~r, ~r ′)

many-body Hamiltonian

H =
∑
i

~p 2
i

2m
+
∑
i

U(~ri) +
∑
i<j

V (~ri, ~rj)

Zero-temperature bosonic ground state: Ψ =
∏N
i=1 ψ(i)

Hartree equation for single-particle orbital ψ

{
~p 2

2m
+ U(~r) + (N − 1)

∫
V (~r, ~r ′)|ψ(~r ′)|2d3~r ′

}
ψ(~r) = i~

∂ψ(~r)
∂t

nonlinear Schrödinger equation

superposition principle no longer applicable



Bose-Einstein condensation of “ordinary” neutral atoms
(7Li, 85Rb, ...): potentials

external trapping potential to confine the condensate

U(~r) =
m

2
(
ω2
x x

2 + ω2
y y

2 + ω2
z z

2
)

ωx, ωy, ωz: trapping frequencies

dilute condensate, weakly interacting atoms =⇒ only the short-range
contact two-body interaction (s-wave scattering interaction) active

Vs(~r, ~r′) =
4πa~2

m
δ(~r − ~r′)

a: s-wave scattering length



Bose-Einstein condensation of “ordinary” neutral atoms
(7Li, 85Rb, ...): Hartree and Gross-Pitaevskii equation

Hartree equation for single-particle orbital ψ{
~p 2

2m
+
m

2
(~ω · ~r)2 + (N − 1)

4πa~2

m
|ψ(~r)|2

}
ψ(~r) = i~

∂ψ(~r)
∂t

for N � 1: (N − 1) ≈ N ,

define macroscopic wave function Ψ(~r) :=
√
Nψ(~r), i.e. ||Ψ||2 = N

Gross-Pitaevskii equation for Ψ{
~p 2

2m
+
m

2
(~ω · ~r)2 +

4πa~2

m
|Ψ(~r)|2

}
Ψ(~r) = i~

∂Ψ(~r)
∂t



BEC of neutral atoms with additional long-range inter-
action: dipolar atoms (experiments by Pfau et al., PRL 94, 160401 (2005))

chromium (52Cr): large magnetic moment, µ = 6µB, i.e. also a
long-range dipole-dipole interaction is active

Vdd(r, r′) =
µ0µ

2

4π
1− 3 cos2 θ′

|r− r′|3

new aspect: relative strength of the long-range and short-range
interactions can be tuned by Feshbach resonances (change of the
scattering length a)

www.pi5.uni-stuttgart.de/forschung/chromium1/chromium1.html



BEC of neutral atoms with alternative long-range
interaction: gravity-like 1/r interaction

Motivation: proposal by D.O. O’Dell, S. Giovanazzi, G. Kurizki, V.M. Akulin, PRL 84, 5697 (2000)

6 ”triads” of intense off-resonant

laser beams average out 1/r3

interactions in the near-zone limit of

the retarded dipole-dipole

interaction of neutral atoms in the

presence of radiation I, while

retaining the weaker 1/r interaction

a triad

resulting atom–atom potential in

the near-zone:

U(~r, ~r ′ ) = − 11
4π

Ik2α2

cε20

1
|~r−~r ′|

gravity-like interaction: Vu(~r, ~r ′) = − u

|~r − ~r ′|
, “monopolar atoms”

novel physical feature: self-trapping of the condensate, without
external trap,

theoretical advantage: for self-trapping analytical variational
calculations are feasible



purpose of this talk

to study the classical and the quantum nonlinear effects of the
Gross-Pitaevskii equations for cold

monopolar quantum gases (1/r interaction) and

dipolar quantum gases (dipole-dipole interaction)



outline of the talk

1. Introduction

2. Scaling properties of the Gross-Pitaevskii equations with
long-range interactions

3. Quantum results: solutions of the stationary Gross-Pitaevskii
equations

4. Nonlinear dynamics of Bose-Einstein condensates with atomic
long-range interactions



2.1 Gross-Pitaevskii equation for atoms with gravity-like
interaction in an isotropic trap

Gross-Piatevskii equation for orbital ψ

{
~p 2

2m
+
mω2

0

2
r2 +N

[
4πa~2

m
|ψ(~r)|2 − u

∫
|ψ(~r′)|2

|~r − ~r′|
d3~r′

]}
ψ(~r) =

εψ(~r)

natural units: trap energy ~ω0, oscillator length a0

self-trapping: ~ω0 → 0, a0 =
√

~/mω0 →∞, bad units

more adequate: ”atomic units”

analogy u⇔ e2/4πε0: ”fine-structure constant” αu := u/~c
”Bohr radius” au = λC/αu = ~/mu
”Rydberg energy” Eu = α2

umc
2/2 = ~2/2ma2

u







Poincaré surface of section

〈H〉 = 624000, 3

√
γzγ2

ρ = 3.4× 104, γz/γρ = 6, a = 0.1



Poincaré surface of section
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Poincaré surface of section

〈H〉 = 6000000, 3
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4.5 Linear stability analysis of the variational solutions

linearization of the equations of motion for the real and imaginary parts
of Ar and Az around the stable and unstable stationary state yields four
eigensolutions ψlin ∝ eκt with eigenvalues κ for each state
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N2γ̄ = 3.4× 104, λ = 6
exact dynamic calculations for dipolar quantum gases: under way



Summary and conclusions

Motto: ”Let’s face BEC through nonlinear dynamics”

variational forms of the BEC wave functions (of a given symmetry
class) convert BECs via the Gross-Pitaevskii equation into
Hamiltonian systems that can be studied using the methods of
nonlinear dynamics

the results serve as a useful guide to look for nonlinear dynamic
effects in numerically exact quantum calculations of BECs

existence of stable islands as well as chaotic regions for excited
states of dipolar BECs could be checked experimentally
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Bonus material: exceptional points in linear quantum
systems

Definition and properties

Exceptional points are the coalescence of two (or even more) eigenstates
at a certain parameter value of a system.

M(λ)~x(λ) = e(λ)~x(λ)
Two complex eigenvalues are identical (degeneracy).

At the exceptional point a branch point singularity appears.

The corresponding space of eigenvectors is one-dimensional.

Appearance in quantum systems

Exceptional points can appear as degeneracies of complex energy
eigenvalues of non-Hermitian Hamiltonians which describe
resonances.

Example for a real physical system: Hydrogen atom in crossed
electric and magnetic fields



A simple example

2× 2 matrix with an exceptional point

M(λ) =
(

1 λ
λ −1

)

Eigenvalues: e1 =
√

1 + λ2, e2 = −
√

1 + λ2

Eigenvectors:

~x1(λ) =
(

−λ
1−

√
1 + λ2

)
~x2(λ) =

(
−λ

1 +
√

1 + λ2

)

There are two exceptional points for λ = ±i

M(±i) =
(

1 ±i
±i −1

)
, e1,2(±i) = 0, ~x(±i) =

(
∓i
1

)



Circle around an exceptional point in the parameter space

A further property of exceptional points

The two eigenvalues which degenerate at the exceptional point are
permuted if a closed loop around the exceptional point is traversed in
parameter space.

e1

e2

exceptional point

eigenvaluesparameter
e

λ

The end point of the path of the first eigenvalue is the starting point
of the second and vice versa.

The combined paths of both eigenvalues lead to a closed loop.



Self trapped condensate with attractive 1/r-interaction

Scaled extended Gross-Pitaevskii equation in “atomic units”:

εψ(~r) =

[
−∆~r +

(
8πa |ψ(~r)|2 − 2

∫
d3~r′

|ψ(~r)|2

|~r − ~r′|

)]
ψ(~r)

Trial wave function for a variational solution:

ψ(~r) = A exp
(
−k2~r2

2

)
, k± =

1
2

√
π

2
1
a

(
±
√

1 +
8
3π
a− 1

)

Degeneracy: analytical results

a = −3π
8

→ k+ = k−, E+ = E− ε+ = ε−,

Energies are identical

Wave functions ψk+ and ψk− are identical



1/r: Circle around the degeneracy

Exceptional point?

A two-dimensional parameter space is required: extension to
complex numbers: a ∈ C
A clear proof is the permutation of two eigenvalues if a circle around
the critical parameter value is traversed:

a = −3π
8

+ reiϕ, ϕ = 0 . . . 2π
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Im
(ε

va
r)

Re(εvar)
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Im
(E

va
r)
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We have confirmed our results with numerically exact calculations.



1/r: Mean field energy and chemical potential for r � 1

Fractional power series expansion of the mean field energy

Ẽ±(ϕ) = − 4
9π

+ 0 ·
√
reiϕ/2 +

32
27π2

·
√
r
2eiϕ

±
(

4
9π
− 32

9π2

)
·
√
r
3e(3/2)iϕ + O

(√
r
4
)

The first order term with the phase factor eiϕ/2 vanishes.

Responsible for the permutation: third order term

Fractional power series expansion of the chemical potential

Ẽ±(ϕ) = − 20
9π
± 8

3π
·
√
reiϕ/2 −

(
4
3π

+
128
27π2

)
·
√
r
2eiϕ

±
(

8
9π
− 64

9π2

)
·
√
r
3e(3/2)iϕ + O

(√
r
4
)

The first order term with the phase factor eiϕ/2 does not vanish.



Dipolar condensate

Scaled extended Gross-Pitaevskii equation

εψ(~r) =
[
−∆ + γ2

rr
2 + γ2

zz
2 + 8πa |ψ(~r)|2

+
∫

d3~r′ |ψ(~r)|2 1− 3 cos2 θ′

|~r − ~r′|3

]
ψ(~r)
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Dipolar condensate: Circle around the degeneracy

a = acrit + reiϕ, ϕ = 0 . . . 2π

λ = 1: attractive dipole-dipole interaction
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λ = 6: repulsive dipole-dipole interaction
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discovery of exceptional points in stationary solutions of
the Gross-Pitaevskii equation

Exceptional points are branch point singularities, which are known
from open quantum systems.

A “nonlinear version” of an exceptional point appears in the
bifurcating solutions of the (extended) Gross-Pitaevskii equation:

BEC in a harmonic trap
BEC with attractive 1/r interaction
BEC with dipole-dipole interaction

The identification of the exceptional points is possible with a
complex extension of the scattering length.

BECs near the collapse point are experimental realizations of a real
physical system close to exceptional points.




