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Abstract – The three-disk scatterer has served as a paradigm for semiclassical periodic orbit
quantization of classical chaotic systems using Gutzwiller’s trace formula. It represents an open
quantum system, thus leading to spectra of complex eigenenergies. An interesting general feature of open quantum systems described by non-Hermitian operators is the possible existence of
exceptional points where not only the complex eigenvalues but also their respective eigenvectors
coincide. Using Gutzwiller’s periodic orbit theory we show that exceptional points exist in a
three-disk scatterer if the system’s geometry is modified by extending the system from circular
to elliptical disks. The extension is implemented in such a way that the system’s characteristic
C3v symmetry is preserved. The two-dimensional parameter plane of the system is then spanned
by the distance between and the excentricity of the elliptical disks. As typical signatures of exceptional points we observe the permutation of two resonances when an exceptional point is encircled
in parameter space, and a non-Lorentzian resonance line shape in the weighted density of states.
Copyright c EPLA, 2017

Introduction. – Gutzwiller’s trace formula which was
published in 1971 allows for the semiclassical quantization
of non-integrable classical systems [1–3]. For the calculation of the semiclassical density of states, it uses classical periodic orbit data. The semiclassical approximation
of the density of states ρscl can then be divided into a
mean part ρ̄ and a fluctuating part ρpo that is calculated
by means of the classical periodic orbit data only. One
of the most well-studied paradigms for the application of
Gutzwiller’s trace formula is the three-disk scattering system [4,5]. It represents an open billiard quantum system
with three hard disks (see dashed lines in fig. 1). The
goal is to calculate the eigenenergies of the system using
classical periodic orbit data, and subsequently evaluating
Gutzwiller’s trace formula. Since the trace formula consists of an infinite sum over all periodic orbits, it suffers
from convergence problems. Several methods have been
presented to resolve this issue. They include cycle expansion [6], pseudo-orbit expansion [7], Padé resummation [8],
and harmonic inversion analysis [9].
The resonances of open quantum systems are the eigenvalues of non-Hermitian operators and therefore complex
numbers [10]. The real part of the eigenvalue represents the energy and the imaginary part is the decay rate

Fig. 1: (Colour online) Potential landscape of the original
three-disk scatterer with circles (dashed lines) and extension to
ellipses (solid lines) to introduce the real parameters δ (distance
between the ellipses) and ǫ (semimajor axes of the ellipses).

of the respective state. An interesting feature of open
quantum systems is the possible existence of exceptional
points (EPs) [10–13]. As opposed to simple degeneracy
of resonances, both the eigenvalues and their respective
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eigenvectors coalesce. To observe EPs, there have to be at
least two real-valued free parameters.
EPs have been experimentally shown in open billiard
systems realized in microwave cavities [14–16]. In addition, EPs have been theoretically shown to occur in
atomic [17–20] and molecular [21] spectra, in scattering of
particles at potential barriers [22], in atom waves [23–26],
and in open Bose-Hubbard systems [27]. They appear
in unstable lasers [28], resonators [29], and optical waveguides [30,31] as well. They have also been experimentally
verified in metamaterials [32], a photonic crystal slab [33],
electronic circuits [34], and in a chaotic exciton-polariton
billiard system [35].
The question in what follows is whether exceptional
points can be revealed by semiclassical quantization using Gutzwiller’s trace formula. The three-disk scatterer
will be investigated as a model system. Since the only
modified parameter in preceding studies has been the distance between the disks, the system has to be extended
by a second real-valued parameter. Therefore, the disks
are given elliptical form where the second parameter is the
length of the semimajor axis ǫ. The modification is performed in such a way that the system’s characteristic C3v
symmetry is preserved. Furthermore, this modification
does not change the chaoticity properties of the system,
i.e., all periodic orbits remain to be unstable. Harmonic
inversion is used as an evaluation method to calculate
both the resonance positions in the complex plane and
their respective amplitudes. This allows for not only verifying the presence of exceptional points by encircling in
parameter space and observing the permutation of two resonances [10], but also analyzing resonance shapes which
can be non-Lorentzian [36].
Theory. – In the first part of this section, the general
ideas of Gutzwiller’s periodic orbit theory and its applications to billiard systems are discussed. In the second part,
the theoretical foundations of exceptional points in open
quantum systems will be outlined briefly.
Periodic orbit theory.
The density of states can be
split into a mean density ρ̄ and an oscillating part ρpo
in a semiclassical approximation since there are additional contributions close to periodic orbits in the semiclassical limit ~ → 0. The mean density of states as a
function of the energy E is given by the Thomas-Fermi
term. The oscillating part is given by Gutzwiller’s trace
formula [3]


Spo
π
Tppo
1 X
cos
− σpo , (1)
ρpo (E) =
π~ po | det Mpo − |
~
2
where the summation is over all classical periodic orbits,
including multiple repetitions of the same primitive periodic orbit. Here, Spo is the action along the respective periodic orbit, Mpo is the monodromy matrix, σpo denotes
the Maslov index, and Tppo is the period of a primitive
periodic orbit.

Fig. 2: (Colour online) Periodic orbit for the symbolic code
1231212 and for the parameters δ and ǫ given. The periodic
orbits are found by minimizing the length of the respective
orbit.

The first step to calculating the semiclassical density of
states of the elliptical three-disk scatterer is the evaluation
of the classical periodic orbit dynamics. Every periodic orbit can be described by means of a symbolic code which
gives the sequence in which the disks 1, 2, and 3 are traversed [37]. Since the system is subject to a C3v symmetry,
a symmetry-reduced symbolic code can be introduced [6].
The symmetry reduction based on the system’s C3v symmetry can still be used when the extension to ellipses is
done with the semimajor axes all pointing towards the
centre of symmetry (see fig. 1). The two parameters to
find exceptional points in the system are the distance δ of
the elliptical disks and the length of the semimajor axes ǫ.
The length of the semiminor axes is kept constant at 1.
The periodic orbits of the elliptical three-disk scatterer can be found by minimizing the geometric length
of a trajectory associated with a particular symbolic code.
Figure 2 shows an example for a minimized trajectory for
a specific set of parameters δ and ǫ and one specific symbolic code. The required data to evaluate Gutzwiller’s
trace formula (1) in a billiard system are the orbit length,
the monodromy matrix, and the Maslov index. Since the
potential energy is zero between the disks, only the time
of flight between the disks and the collisions contribute to
the monodromy matrix of a trajectory [38]. The Maslov
index increases by 2 for every reflection at a hard wall. It
is therefore given by σpo = 2ℓpo with ℓpo being the length
of the symbolic code of the periodic orbit [39].
Gutzwiller’s trace formula (1) represents a sum over
infinitely many primitive periodic orbits and an infinite
amount of repetitions of all of these. Directly evaluating the sum for periodic orbits up to a certain geometric
or symbolic length leads to convergence problems. Several methods have been developed to improve the convergence of Gutzwiller’s trace formula. The most favourable
method for the problem at hand is harmonic inversion
since it allows for the calculation of expectation values
of quantum-mechanical operators. To observe the special
features exhibited by the resonance amplitudes close to
an exceptional point, we use diagonal matrix elements of
quantum-mechanical observables for the weighted density
of states which can be calculated using an extension of
Gutzwiller’s trace formula.
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For this purpose, we start from the quantum-mechanical orbits up to a certain maximum periodic orbit length Lmax
response function


X
sin (L − Lpo )∆k
scl
exp(iLpo k0 )
Cbl (L) =
Dpo Apo
X hn|D̂|ni
π(L − Lpo )
qm
po
g = lim
(2)
ǫ→0
E − En + iǫ
(6)
n
on an equidistant grid with points Li . The semiclassical signal is subsequently adapted to the exact quantumwith the requirement, that
mechanical band-limited signal
1
qm
(3)
ρD̂ = − Im g
N
X


π
qm
dn exp −i(kn − k0 )L ,
(7)
Cbl (L) = −i
n=1
is the weighted density of states with the residues being
the diagonal matrix elements of an observable D̂ [40]. For
which consists of a finite number N of frequencies in
real eigenenergies, ρD̂ is a sum over delta functions with
the same frequency window, and evaluated on the same
each summand contributing with weight hn|D̂|ni. For grid L . To solve the resulting nonlinear set of equations
i
complex eigenenergies, ρD̂ consists of Lorentzian functions methods like the linear predictor, Padé approximation,
where the complex matrix elements hn|D̂|ni determine the and signal diagonalization can be used [44]. For all folLorentzian line shape.
lowing calculations the Padé approximant will serve as a
In Gutzwiller’s semiclassical periodic orbit approxima- method of solution.
tion, the semiclassical response function g scl is the sum of
Exceptional points. Open quantum systems can most
the two parts ḡ scl —the mean part of the response func- efficiently be described by non-Hermitian Hamiltonians.
scl
tion associated with the Thomas-Fermi term— and gpo
This description leads in particular to complex resonances.
—the oscillating periodic orbit contribution associated The decay rate of unbound states is then included in
with eq. (1). For billiard systems, the semiclassical the imaginary part, thus avoiding difficult-to-treat timeapproximation for the matrix elements of a quantum- dependent expressions. Systems with complex resonances
mechanical operator leads to an oscillating part of the exhibit special features, especially in the vicinity of an
semiclassical response function
exceptional point (EP). Contrary to Hermitian systems
where in case of degeneracy only the eigenvalues coincide,
(4) in a non-Hermitian system the respective eigenstates also
coalesce at an EP.
po
The most simple model of a system with an EP is the
≡Apo
two-dimensional matrix


with the amplitudes Apo and the wave number k =
√
1 λ
H(λ) =
,
(8)
2mE/~. Lpo is the length of the periodic orbit, which
λ −1
is equivalent to the action kLpo along the trajectory in a
billiard system. The additional factor Dpo is given by
that depends on a complex parameter λ [11]. The matrix is non-Hermitian obviously
√ eigen√ for non-real λ. The
Z Tpo
!

1
values are given by ǫ1 = 1 + λ2 and ǫ2 = − 1 + λ2 .
Dpo =
D q(t), p(t) dt,
(5)
They become degenerate for λ0 = ±i. The same holds
Tpo 0
true for the respective eigenvectors. Therefore, λ0 is an
which is the average of the classical observable D along the EP. One of the most striking features of an EP can be
trajectory of a periodic orbit. The phase space variable D observed when the EP is encircled in parameter space,
is the Wigner transform of the quantum-mechanical oper- e.g., λ(φ) = i + r exp(iφ) for φ = 0 . . . 2π. The eigenvalator D̂ [40].
ues in a power-series expansion √
are then given by ǫ1 =
√

2r exp i(π/4 + φ/2) and ǫ2 = 2r exp i(5π/4 + φ/2) .
The Fourier transform of the semiclassical response
function (4) yields the semiclassical signal C scl (L). The One can see that for small encircling radii r the eigenvalidea of harmonic inversion entails adapting the exact ues interchange their positions when the EP is encircled in
quantum-mechanical expression of the signal to the semi- a closed loop in parameter space. The EP has to be encirclassical signal that can be calculated from classical cled twice to make the resonances return to their original
periodic orbit data only. Convergence can be further im- positions. However, the respective eigenvectors pick up an
proved by band-limiting the signal to a certain frequency additional phase of π. This is a characteristic feature of
window [k0 −∆k, k0 +∆k] to be analyzed [41–44]. The cal- an EP and will be used as a distinct identifier for an EP
culation of the complex resonance positions kn and their in the elliptical three-disk scatterer.
respective complex amplitudes dn , that correspond to the
In addition, EPs show up as poles of higher orders in the
diagonal matrix elements hn|D̂|ni, then boils down to cal- response function g. Non-degenerate resonances at posiculating the semiclassical band-limited signal for periodic tions kn manifest themselves in the quantum-mechanical
scl
(k) =
gpo

X

Dpo

Tppo (−1)ℓpo
exp(ikLpo )
det(Mpo − )
{z
}
|
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Calculation of resonances.
To calculate the resonances of the extended three-disk scatterer, the signal in
eq. (6) has to be evaluated up to a reasonable amount
of periodic orbits. As already mentioned, the periodic
(
)
(
)
orbit data necessary for the calculation are the geometric length of the periodic orbit (which corresponds to the
action along the trajectory), the determinant of the mon(
)
odromy matrix, and the Maslov index. The mondromy
matrix of the minimized orbit is calculated by matrix mulFig. 3: (Colour online) Procedure to find an exceptional point tiplication of the contributions of each trajectory segment
by observing state permutation. The procedure starts from an and reflection. The Maslov index σpo is twice the sequence
arbitrary point (δ0 , ǫ0 ). The radius of the encircling in param- length ℓ . When inserted in the equation for the semipo
eter space is gradually increased (left figure). As soon as a perscl
classical band-limited signal Cbl
, it leads to a prefactor
mutation of states is observed in resonance space, encirclings
of 1 for even ℓpo or −1 for odd ℓpo .
with smaller radii are performed along the outer ring (right
Since the number of periodic orbits for every sequence
figure). In at least one of the small circles, a permutation of
length
added grows exponentially and the precision of the
states will be observed again. By iterating this procedure, the
calculated
resonances only improves slightly above a cerEP can in principle be localized up to an arbitrary precision.
tain sequence length, the maximum sequence length is chosen to be ℓmax = 15.
qm
response function g as a sum over first-order poles as
With those parameters known for every periodic orbit
up to ℓmax , the signal for band-limited harmonic inversion
X hn|D̂|ni
from eq. (6) can be calculated. Band-limited harmonic
g qm =
.
(9)
inversion allows for the exact calculation of resonances
k
−
k
n
n
even for high k numbers. In the search for exceptional
This ansatz was used to derive the quantum-mechanical points, a frequency window is chosen in a high k range
signal in eq. (7). However, if there are degenerate reso- from kmin = 175 to kmax = 205.
nances in the spectrum, the expectation values for those
Search for exceptional points. In order to find EPs in
specific resonances diverge. The ansatz from eq. (9) is not those regions, a point in the parameter plane spanned by δ
sufficient anymore. Instead, the response function has to and ǫ is encircled with semiaxes rδ along the δ-axis and rǫ
be generalized to
along the ǫ-axis. An encircling with rδ = rǫ = 0.003 in
g

qm

=

rn
XX
n

dn,α
,
(k − kn )α
α=1

(10)

where rn is the order of degeneracy of the n-th resonance.
The amplitudes dn,α do not show divergence at the EP
anymore. In this case, the quantum-mechanical signal
from eq. (7) has to be generalized to
rn
N X
X



(−iL)α−1
exp −i(kn − k0 )L
(α − 1)!
n=1 α=1
(11)
and the Padé approximant has to be adapted [36]. The
higher-order contributions of the difference (k−kn ) lead to
a non-Lorentzian shape of the resonances in the weighted
density of states. This is another indicator for an EP that
can be observed.
qm
(L) = −i
Cbl

dn,α

Results. – The spectrum of the three-disk scatterer
with circles can be depicted in the complex plane. It consists of isolated resonances. The spectrum can be changed
continuously by introducing the real-valued parameters δ
and ǫ (see fig. 1). In this way, the resonances are moved
in the complex plane to find a set of parameters (δ0 , ǫ0 )
where two of them coalesce at an exceptional point (EP)
(see fig. 3).

parameter space is shown in fig. 4(a) and is used for the
following illustrations in the resonance spectra.
The corresponding resonances for every parameter pair
along the circle are tracked in a predefined window in the
resonance plane. If all resonances return to their original
positions after a full circle from 0 to 2π, there is no indication of an EP. However, if an EP is contained in the
circle, a permutation of a pair of resonances can possibly
be observed. It has to be noted that for better illustration the circle is divided into two parts 0 . . . π (red dots)
and π . . . 2π (green dots). If there is no permutation of
states, there are only two colour changes in the circle in
resonance space. However, if there is a permutation of
states, the colours change four times during the course of
one circle.
The iterative procedure to find an EP is sketched in
fig. 3. In a first step, the arbitrarily chosen initial point
(in our example δ0 = 6 and ǫ0 = 1) is encircled with
radii rδ and rǫ that are increased in small steps. The respective spectra are calculated. If no EP is contained in
the circle, all the resonances in the spectrum show only
two colour changes, hence return to their original position after one circle. During the process of increasing rδ
and rǫ , a fourfold colour change in the resonance spectrum
may occur in a certain step i0 . This indicates that an EP
is located in the ring between the circles in step i0 − 1
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Fig. 5: (Colour online) Amplitudes of the two EP resonances
along a linear pathway along the δ-axis in parameter space
using ansatz (9). ǫ is held constant at ǫ = ǫEP = 1.074 54.
When approaching the EP at δEP = 5.928 96 the amplitudes
rise exponentially with a divergence exactly at δEP .

However, the precision of the calculations is limited
by the amount of periodic orbits used for the semiclassical quantization. Since the number of orbits rises
exponentially with symbol length, at some point the precision of the calculation only increases slightly. For a
maximum symbol length of ℓmax = 15 the calculation
allows for a determination of the EP up to a precision
of five digits. An illustration of the vicinity of the EP
at (δEP = 5.928 96, ǫEP = 1.074 54) is given in fig. 4(b).
Non-degenerate resonances do not show deformation when
encircled and simply return to their original position after
one full circle in parameter space. However, at a position
where two resonances come close to each other, deformation and ultimately permutation of resonances is observed.
A close-up of two resonances permuting in resonance space
is clearly depicted in the enlargement in fig. 4(c).
Fig. 4: (Colour online) Encircling of an exceptional point both
in parameter space (δ, ǫ) with centre (δ0 , ǫ0 ) (a) and in energy
space (Re k, Im k) for selected resonances (b, c). To better illustrate the permutation of states, the first half of the encircling
(0 . . . π) is coloured in red, whereas the second half is (π . . . 2π)
is coloured in green. Non-degenerate resonances simply return
to their original position after one full circle. Only at a position
where two resonances are close in the complex plane, the spectrum shows two resonances switching positions when encircling
the EP.

and i0 . The new centre points of the following circles,
which can now be performed with considerably smaller
radii, are placed along that ring. The amount of points
along the ring has to be chosen in a way that such circles
overlap. In at least one of the circles, the EP is located
and a permutation of the two resonances will be observed
again. This procedure can be iterated and allows for the
determination of the EP position with arbitrary precision,
in principle.

Analysis of resonance amplitudes.
In the density of
states, the residues determine the degree of degeneracy
of the respective eigenenergy. So when using Gutzwiller’s
trace formula without the extension for the calculation of
diagonal matrix elements, the amplitudes are equal to 1 for
every non-degenerate resonance as expected. Yet, when
looking at the density of states weighted with diagonal matrix elements hn|D̂|ni as defined in eq. (3), the amplitudes
show a characteristic behaviour close to the EP. As an example, we will look at the classical observable D = r 2 with
its quantum-mechanically corresponding operator D̂ = r̂ 2 .
r 2 then is the squared distance on the classical trajectory
of a periodic orbit from the centre of symmetry (see fig. 1).
The value of r̂ 2 is invariant when the symmetry-reduced
symbolic code is applied.
According to eq. (6), the contribution to the semiclassical signal of each periodic orbit has to be multiplied by
the mean value of the classical observable along a periodic
2
is calculated by means of eq. (5)
orbit. The mean value rpo
as the classical expectation value along a periodic orbit.
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Fig. 6: (Colour online) Semiclassically calculated diagonal matrix elements hn0 , α|r̂2 |n0 , αi along a linear pathway along
the δ-axis in parameter space (ǫ = ǫEP ) using the extended
ansatz (10). The new amplitudes dˆ do not diverge at the EP.
There is a non-zero contribution of the second-order term.

For the elliptical three-disk system it can be readily split
into a sum over all trajectory segments.
Figure 5 depicts the behaviour of the amplitudes dn =
hn|r̂ 2 |ni of the two permuting resonances labelled n = 1
and n = 2 in the weighted density of states
ρr̂2

X hn|r̂ 2 |ni
1
= − Im
π
k − kn
n

XX
n

α

X X dEP
1
n,α
Im
ρEP
=
−
n,α
π
(k
−
kn )α
n
α

Table 1: Synopsis of the properties of the exceptional point.

Parameters
Resonance position
r̂ 2 matrix elements

(12)

close to the EP. The EP (δEP , ǫEP ) is traversed along the
δ-axis in parameter space while ǫ is held constant at ǫEP .
The amplitudes show an exponential rise with a divergence
directly at δ = δEP . The divergence occurs because the
ansatz for the quantum-mechanical response function (9)
with only first-order poles is not valid close to an EP.
When using the modified ansatz (10), however, the behaviour of the residues dn,α in
ρEP
r̂ 2 =

Fig. 7: (Colour online) Line shape at the degenerate resonance
in the weighted density of states for the operator r̂2 . The
combined line shape agrees for both ansatzes (9) and (10).
When analyzing the contributions from ansatz (10) seperately,
a non-zero contribution of the second-order term is noticeable,
which implies that the combined line shape is non-Lorentzian.

(13)

is shown in fig. 6 where the relevant resonance is labelled
by n = n0 . In the numerical calculations it is sufficient to
consider two resonances as degenerate when they are close
compared to the distance to all other resonances. The amplitudes now depend only weakly on the distance of the
resonance and there is no divergence at the EP. Instead,
there is a non-zero contribution of the second-order pole
in the weighted density of states. The density of states ρr̂2
close to the EP position at Re k = 195.013 is depicted in
fig. 7. The combined line shape calculated from the corrected ansatz (10) (green line) agrees with the the one calculated from the first-order ansatz (9). Yet, when looking
at the first-order (blue line) and second-order (pink line)
term from ansatz (10) individually, it is visible that there

δ = 5.928 96, ǫ = 1.074 54
k = 195.013 0 − i 0.324 544
dn0 ,1 = 6.528 114 − i 0.049 424
dn0 ,2 = 0.031 336 + i 0.000 251

is a contribution of the second-order term of about 10%.
This clearly indicates that the combined line shape is nonLorentzian.
Conclusion. – We have extended the three-disk scatterer, which has been widely used as a paradigm for semiclassical periodic orbit quantization of an open quantum
system, to the problem of finding exceptional points in
the complex spectrum of eigenvalues. The extended system includes two real-valued parameters, the distance and
the ellipticity of the disks. Using the characteristic permutation of states to identify EPs, they are searched for
in the spectrum of the extended three-disk scatterer in an
interative procedure. An EP is found close to the original
configuration (δ0 = 6, ǫ0 = 1). This leads to the expectation that there is an infinite amount of exceptional points
in the elliptical three-disk scatterer. The properties of the
EP are summarized in table 1. For the analysis of diagonal matrix elements close to the EP, an operator r̂ 2
is defined. The analysis of the density of states weighted
with the diagonal matrix elements reveals that —when fitted to an ansatz not valid for degenerate resonances— the
amplitudes diverge at the EP as expected. When using
an ansatz with higher-order terms the amplitudes show
smooth, linear behaviour when scanned along the EP.
There is a non-zero contribution of the second-order term
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in the weighted density of states close to the EP, leading
to a non-Lorentzian line shape. Similar to the experiments
previously performed in open billiard systems [14–16], microwave experiments could be used to experimentally verify the calculations by means of Gutzwiller’s trace formula
and confirm the occurence of exceptional points in the elliptical three-disk scatterer.
REFERENCES
[1] Gutzwiller M. C., J. Math. Phys., 8 (1967) 1979.
[2] Gutzwiller M. C., J. Math. Phys., 12 (1971) 343.
[3] Gutzwiller M. C., Chaos in Classical and Quantum
Mechanics (Springer Science & Business Media) 2013.
[4] Eckhardt B., J. Phys. A: Math. Gen., 20 (1987) 5971.
[5] Gaspard P. and Rice S. A., J. Chem. Phys., 90 (1989)
2225.
[6] Cvitanović P. and Eckhardt B., Phys. Rev. Lett., 63
(1989) 823.
[7] Berry M. V. and Keating J. P., J. Phys. A: Math.
Gen., 23 (1990) 4839.
[8] Main J., Dando P. A., Belkić D. and Taylor H. S.,
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