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Abstract. We investigate the Su-Schrieffer-Heeger model in presence of an injection and removal of particles, introduced via a master equation in Lindblad form. It is shown that the dynamics of the density
matrix follows the predictions of calculations in which the gain and loss are modeled by complex PT symmetric potentials. In particular it is found that there is a clear distinction in the dynamics between
the topologically different cases known from the stationary eigenstates.
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1 Introduction

waves [32–35], electric circuits [36], optomechanics [37],
and quantum mechanics [38–49].

Today topological many-body systems are a strongly investigated topic and are in many cases well understood
[1–5]. One of the best known examples is the explanation
of the quantized Hall effect [6, 7] in terms of a topological invariant [8]. Of special interest are topologically protected Majorana zero modes [5,9–12] since they are robust
against local defects or disorder. Typically two topologically different phases can arise when a certain parameter of
the system is varied. In the topologically nontrivial phase
(TNP) energies within the band gap appear, and their
corresponding eigenstates are called edge states since they
appear at the edge between two different types of solids
or potentials. In the topologically trivial phase (TTP) the
gap closing states are absent.
Since no system is completely isolated recently the
question was raised of how a coupling to the environment can influence the existence of topologically nontrivial modes and the appearance of topologically protected
edge states [13–28]. Furthermore, it was shown that dissipation can even be used to create topologically nontrivial
states [29,30]. In many of these studies complex potentials
were used, which provide an efficient way of introducing
gain or loss to the probability amplitude in quantum mechanics [31]. With their help the time-dependent processes
of a decay or growth of a state can be described by a
stationary but non-Hermitian Schrödinger equation. Successful applications to describe a system coupled to an
environment in this way can be found for electromagnetic

In most studies of edge states in presence of gain or
loss, particular attention was devoted to PT -symmetric
potentials, i.e. potentials which commute under the combined action of the parity and the time-reversal operators
P and T , respectively. PT -symmetric Hamiltonians represent a special class of operators since they allow for real energy eigenvalues and even completely real energy spectra
even though they are not Hermitian. This is possible since
it can be shown that an eigenvalue of a PT -symmetric operator is always real if the corresponding eigenstate ψ possesses the same symmetry. If it does not, there is always
a second eigenstate PT ψ and the eigenvalues of these two
eigenstates form a pair of complex conjugates [50]. The
latter case is usually referred to as spontaneously broken
PT symmetry. In the case of a Hamiltonian the complex
energy eigenvalues describe a growth (positive imaginary
part) or decay (negative imaginary part) of the probability
amplitude. The opposite case of preserved PT symmetry
is then related to the situation of balanced gain and loss.
The in- and outfluxes are spatially separated but have the
same strength. In total the state does neither decay nor
grow, and this is expressed by its real energy eigenvalue.
The physical reality of these relations have been proved
experimentally in optics [51–53], however, proposals also
exist for Bose-Einstein condensates in quantum mechanics [54–57].
Together with the Kitaev chain [58] the Su-SchriefferHeeger (SSH) model [59] stands in the main focus when
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the relation between PT symmetry and topologically protected edge states is investigated. In these models two
completely different behaviors were observed. While in the
Kitaev chain it was found that the PT symmetry is protected within the TNP when a non-Hermitian potential
is applied [23, 24], the opposite was revealed for the SSH
model developed for the description of the conducting organic material polyacetylene. Its PT -symmetry is instantaneously broken within the TNP as soon as gain and loss
via a PT -symmetric potential are introduced [21,22]. This
can be explained by the different symmetries of the edge
states [60]. However, in a modification of the SSH model
new edge states possessing an additional symmetry could
be exploited to experimentally prove the presence of unbroken PT symmetry in optics [61].
The application of complex potentials always means a
restriction to an effective description. The potentials act
on the probability amplitude of each particle to be in the
system under consideration [42]. A common and more realistic way of handling environment effects in many-body
systems is the solution of the dynamics using Lindblad
master equations [62]. With this description a statistical
addition or removal of whole particles is implemented. It
could be shown that this approach is strongly related to
complex PT -symmetric potentials in sufficiently large systems. For a description of Bose-Einstein condensates with
balanced gain and loss of single particles the mean-field
limit is a PT -symmetric Gross-Pitaevskii equation [63].
It has been shown that the topological phases can still be
distinguished when information is extracted from a density matrix resulting from a master equation and that they
can remain robust against certain couplings to the environment [64, 65].
In our work we want to address a different question.
The purpose of this paper is to gain insight into the relation of the complex potential introduced above with the
description of particle in- and outcouplings via master
equations. The statistical process introduced in the master equation typically leads to a crucially different behavior. As soon as the assumption of smooth gain-loss potentials is violated, in particular in presence of quantum
fluctuations, the stability of PT -symmetric states gets
destroyed as was discussed in optics [66]. As mentioned
above, for bosonic systems a strong relation between both
approaches could be established. This, however, is possible only in the mean-field limit [63]. In the present case we
are far away from this limit, and the temporal evolution of
single particles matters. Thus, we cannot expect that the
topological properties of the description with complex potentials should transfer to the master equation approach.
In this paper we find that, yet, the relation still is very
strong.
We investigate this point for the SSH model subject
to balanced gain and loss of particles at different lattice
sites. The master equation is formulated in such a way
that it corresponds to the PT -symmetric potentials used
in previous studies [21, 60], in which it was shown that
the topological edge states break the potential’s PT symmetry. This should be observable in the dynamics of the

master equation via a survival or decay of an initial occupation of the states. We show that the dynamics follows
the predictions of the stationary calculations accessible in
the effective non-Hermitian approach. In addition, it is
possible to see clear differences in the outcome of the dynamics in cases which correspond to either the TTP or
the TNP in the stationary model. All in all the results indicate that the observations in the stationary model lead
to valuable answers.
We first introduce our model in Sec. 2. Then, in Sec.
3.1, we study the dynamics of the closed system without
addition or removal of particles. This provides the basis for
understanding the dynamics in presence of particle gain
and loss in Sec. 3.2. The results of the master equation
are compared to the predictions of stationary calculations
with complex potentials in Sec. 3.3. Concluding remarks
are given in Sec. 4.

2 Model and methods
We consider a one-dimensional case with a lattice distance
a = 1 and a total of N lattice sites. The system under investigation is the Su-Schrieffer-Heeger model, of which the
Hamiltonian in terms of the fermionic creation (annihilation) operators c†i (ci ) reads [59]

X †
HSSH =
t− c2n−1 c2n + t+ c†2n c2n+1 + h.c. , (1)
n

where t± = t(1 ± ∆ cos Θ) contains the hopping amplitude
t and the dimerization strength ∆ cos Θ, which can vary
from −∆ to ∆.
We will investigate the system under environment effects in such a way that it can exchange particles (electrons) with the environment at both ends of the chain. In
accordance with [63] this is done with a master equation
for the density operator % in Lindblad form,
∂t % = −i[HSSH , %] + L+ (%) + L− (%) .

(2)

The superoperators read
γ
L− (%) = − (c†1 c1 % + %c†1 c1 − 2c1 %c†1 ) ,
2
γ
L+ (%) = − (cN c†N % + %cN c†N − 2c†N %cN ) ,
2

(3)
(4)

where we assume that the possibility to take a particle out
of the system at the first site is the same as the probability
of injecting a particle at the last site of the chain. The
strength of the in- and outcoupling effect is described by
γ.
To solve the Lindblad master equation (2) a quantum
Monte-Carlo approach is used [67], for which the Hamiltonian has to be represented in matrix form. This limits
the size of the accessible Fock space. However, since the
goal of this paper is a comparison of the results of the
Lindblad master equations with those of a non-Hermitian
stationary calculation, which addresses a single-particle
problem [21,22,60], we restrict the system to the case that
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j=0

3.1 Dynamics of the closed system
To be able to identify signatures of the edge states in the
presence of gain and loss we first investigate their visibility
in dynamical calculations of the closed system. Thus, we
neglect the coupling to the environment in this section,
i.e., γ = 0. In this case the topological phase transition
point in the limit of an infinite lattice size N → ∞ can
be calculated analytically using the Zak-phase [68]. The
transition point between the TNP and the TTP only depends on the dimerization strength and is Θ = π/2. For
lower values of Θ the system is in the TNP, for higher
values only topologically trivial states appear.
The Lindblad master equation is a first-order differential equation, and thus we need an initial state for our
calculations. In our study the initial states are chosen as
eigenstates of the time-independent single-particle problem [60]. Since we are mainly interested in the different
topological phases of the SSH model we use the two edge
states and one randomly chosen bulk state as starting
points of the temporal evolution. The initial states are
calculated in the TNP since the edge states are only visible within this parameter regime. Note that this means
that the states are not in all cases stationary states of the
system with the given parameters. This is not necessary
for our investigation, since we are only interested in the
differences that appear in the temporal evolution in the
two topologically different regimes.
To distinguish the different topological phases of the
SSH model we perform the time evolution of the Lindblad
master equation for two different values of the dimerization strength. Figure 1 shows the example for the TTP
with the value Θ = 0.9π. The three initial states mentioned above are shown in the left column. The final state
corresponding to the initial condition can be found next
to it in the right column. What is shown is the temporal
mean value from Eq. (6). In all three cases one can observe that the states change under the evolution. This is
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where i is the index of the lattice site. Since the master
equation is a statistical approach and we are interested in
a relation to an effective stationary method we introduce,
in addition, a temporal mean value defined as
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Fig. 1. Initial (left column) and corresponding final states
(right column) for a temporal evolution in the SSH model without external gain and loss effects. The dimerization angle has
a value of Θ = 0.9π, and thus the system is in the topologically
trivial phase, in which edge states do not exist. The calculation is carried out with the parameters N = 200, t = 1.0, and
∆ = 0.3, and the time for the evolution is T = 25000.

expected since, as mentioned above, they are not stationary states of the system for this value of Θ. The important
observation is that all states obtain a bulk character after
the evolution. In the two cases in which the edge states
are used as initial conditions, a slight predominance of
the occupation probability at both edges seems to appear.
However, this has to be compared to a broad and almost
uniform distribution of the probability on all lattice sites.
In this respect the excess at the edges is small. The initial
bulk distribution involves into a different one.
To observe the differences the behavior of the time
evolution has to be compared with that in the TNP, which
is shown for Θ = 0.1π in Fig. 2. The initial states are the
same as in Fig. 1. After the time evolution they show a
structure that clearly differs from the previous case. The
initial edge states almost retain their shape. A few lattice
sites in the vicinity of the edges grow in intensity and the
edge site itself becomes slightly damped. However, each of
the initial edge states remains clearly located at one edge.
The initial bulk state evolves into almost the same state
as in the TTP.
The study so far already gives us a hint that it is possible to distinguish the TTP and the TNP from the dynamics of different initial states. To obtain an even deeper
insight we plot in Fig. 3 the occupation of the last 1, 3, 5,
and 20 lattice sites after the temporal evolution as a function of the dimerization angle Θ. In all cases the initial
state is the edge state localized at the end of the chain,
i.e. that in the first row of Fig. 1. After the time evolution
of T = 25000 time units the temporal average (6) shows
the same results in all four cases. For dimerization angles
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Fig. 4. Initial (left column) and final states (right column)
as in Fig. 2 with nonvanishing gain and loss effect γ = 0.1.
With the dimerization angle Θ = 0.1π the system is in the
topologically nontrivial phase. The parameters are N = 200,
t = 1.0 and ∆ = 0.3. The time for the evolution is T = 25000.
Dominated by the edge state coupling to the influx of particles
the particle predominantly occupies the right edge for all initial
distributions.

logical phase transition in a dynamical calculation that is
also feasible with in- and outfluxes of particles.

3.2 Dynamics in presence of particle gain and loss
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Fig. 2. Initial (left column) and final states (right column) for
a temporal evolution in the SSH model without external gain
and loss effects. With the dimerization angle Θ = 0.1π the
system is in the topologically nontrivial phase. The remaining
parameters are the same as in Fig. 1.
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Fig. 3. Mean value of the occupation of the last a lattice sites
in dependence of the dimerization angle Θ without gain and
loss. The analytical topological phase transition point in the
case of N → ∞ is at Θ = π/2. One can clearly see that around
the analytical phase transition point the amplitude of finding
a particle at the edge is drastically reduced as compared to the
TNP. It stays almost constant beyond the transition point.
The parameters are ∆ = 0.3, t = 1.0, and N = 1000. The
time evolution is done for T = 25000. In all cases the initial
state has a distribution mainly localized at the right edge, see
figure 1 (a).

Θ . π/2 we find a nonvanishing occupation at the edges,
which shrinks to almost zero as Θ approaches π/2. For
larger values of Θ the occupation remains constant at a
very low level. At the critical dimerization strength a sharp
kink is visible. In the case N → ∞ the topological phase
transition is exactly at Θ = π/2. Thus, the sharp kink is
the signature we search for the identification of the topo-

With the method used in the previous section we can turn
to the case of particle gain and loss, i.e. we set γ = 0.1
and solve the Lindblad master equation (2). An example
for the TNP is shown in Fig. 4. As expected for the topologically nontrivial phase edge features are clearly visible.
However, it is always the same edge state which dominates
the evolution independent of the initial state. This is not
surprising since the lattice site with the highest occupation is the last one, i.e. that with gain (cf. Eq. (4)). As is
known from the stationary calculation with complex potentials [21, 60] the edge states of the SSH model break
the PT symmetry of the Hamiltonian, and thus they cannot exist as stationary states. They will either gain or lose
in amplitude, depending on whether the amplification or
the damping lattice site prevails. Since the initial states
chosen in Fig. 4 are no eigenstates of the system there
is always an overlap with the growing state, and thus it
will dominate every temporal evolution. This is what is
observed in the figure.
Since the amplification is obviously the most significant effect seen in Fig. 4 and only the site with particle
gain stands out one might conclude that the existence of
topologically nontrivial states cannot be identified as soon
as the gain effect is present. If a site with gain exists and is
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Fig. 6. Mean value b) of the occupation of the last 10 lattice
sites in dependence of the dimerization angle Θ in presence
of gain and loss with the value γ = 0.1. The initial state is
shown in a). The remaining parameters are ∆ = 0.3, t = 1.0,
and N = 1000. The time evolution is done for T = 25000. In
comparison to the case without gain and loss the kink in the
edge occupation is much more pronounced, cf. Fig. 3.
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Fig. 5. Initial (left column) and final states (right column)
in the case of gain and loss for γ = 0.1 and a dimerization
angle of Θ = 0.9π, i.e. the system is in the topologically trivial
phase. The remaining parameters are the same as in Fig. 4.
Since there are no PT -broken edge states in the TTP the time
averaged occupation ends up in a broad and symmetric bulk
distribution.

occupied (or disproportionately highly occupied as compared to loss sites due to an asymmetry) it can be expected
to dominate the whole dynamics. This should give rise to
a large occupation at the edge that is not distinguishable
from an edge state. But this assumption turns out to be
wrong. The TTP with the same gain and loss strength is
shown in Fig. 5, in which a clear difference to Fig. 4 is
visible. Now the dynamics ends up in a bulk state for all
initial states. For both edge states the same final distribution is obtained. There are still slightly higher occupations
at the edges than in the center of the bulk, but they are
drastically weaker as compared to the Hermitian case (cf.
Fig. 1).
The missing dominance of the edge states can be explained in a simple way. From the stationary calculation
we know that they are the first states breaking the PT
symmetry, and for the chosen γ = 0.1 they are even the
only states for which gain and loss are not balanced. Consequently, in the TTP, in which no edge states are present,
the whole spectrum consists of states experiencing a unitary time evolution. Any initial state can be decomposed
into these stationary states and will undergo oscillations
with constant total amplitude. The time average of these
oscillations assumes the symmetric distributions visible in
Fig. 5. Thus, it is the strong relation of the edge states to
PT -symmetry breaking in the SSH model, which introduces a pronounced difference in the dynamics.
Since the presence of the edge states has a strong influence on the dynamics, they also have a significant impact
on the time averaged occupation at the right edge as can
be seen in Fig. 6. For the initial state shown on the left,

the time averaged mean occupation of the last 10 lattice
sites is drawn on the right as a function of Θ. The result is
similar to that in Fig. 3. However, the kink at the topological phase transition is much sharper. Thus, it still clearly
identifies the topological phase transition. It appears just
below Θ = π/2, i.e. at the point, where it also appears in
the case without in- and outcoupling of particles.
3.3 Comparison to the stationary non-Hermitian
approach
An important question in this study is the comparability
of the results of the non-hermitian stationary calculation
using complex potentials [21,60] with the more realistic inand outcoupling of particles described by Lindblad master
equations. The procedure used in this paper was capable
of identifying the appearance of edge states, and thus of
distinguishing the two topological phases. From the stationary calculations it is known that topologically nontrivial edge states can be found even in the presence of
gain and loss effects, and the phase transition point is not
affected by gain and loss acting on the edge sites [21, 60].
The same is now found in the dynamical calculations with
master equations. The difference to the analytical value
Θ = π/2 can be traced back to the finite lattice size.
The agreement between both approaches goes even beyond the pure existence of the edge states for the same
values of the dimerization angle Θ. The dynamics of the
master equations follows exactly the predictions that can
be done by looking at the existence or nonexistence of
complex energy eigenstates in the stationary picture. This
turned out to be valuable in the explanation of the final
states in Sec. 3.2. The influence of the complex energy
eigenstates is clearly present.

4 Conclusion
We studied the SSH model with gain and loss at the
edges, which was introduced via Lindblad master equations. This description is more realistic than that of previous studies using effective complex PT -symmetric potentials [21, 60]. We found that the addition and removal
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of particles does not destroy the existence of two distinct topological phases identified by the existence of edge
states. These edge states could be detected in the dynamics by studying time-averaged occupation probabilities of
the individual lattice sites. This is in very good agreement
with calculations of the stationary Schrödinger equation
in presence of complex potentials.
The agreement goes even further. The dynamical predictions of the energy eigenvalues of the stationary approach, which are real in the case of PT -symmetric states
and complex for broken PT symmetry, can be clearly observed in the evolution of the density operator using the
master equations. The study shows that both approaches
agree very well. In the investigation of Bose-Einstein condensates it was shown that a Gross-Pitaevskii equation
with complex potentials is the exact mean-field limit of a
many-particle description, in which gain and loss are implemented via Lindblad master equations [63, 69]. In this
study we have found that even if both approaches act on
the individual particles, a good agreement is found, and
thus the application of complex potentials in many works
dealing with topological condensed matter models subject
to gain and loss [13–15, 17, 19–24] is justified.
The identification of the two different topological phases
is already very clear by investigating the dynamics. However, one certainly is interested in finding a more direct
method by directly determining a topological invariant
[29,65,70,71]. Thus, a natural next step is the extension of
the formalism in such a way that a topological invariant,
e.g. an extended complex Zak phase, can be obtained. In
addition, the current study was restricted to the singleparticle case. In presence of gain the particle number can
in principle change. Thus, it would be interesting to see
how the system behaves if more particles can enter. This
would be of crucial importance for bosons, which can occupy the site with gain in large numbers, and thus easily
introduce instabilities in the dynamics.
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