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Abstract. We investigate the bifurcation structure of stationary states in a dipolar
Bose-Einstein condensate located in an external PT -symmetric potential. The
imaginary part of this external potential allows for the effective description of inand out-coupling of particles. To unveil the complete bifurcation structure and the
properties of the exceptional points we perform an analytical continuation of the GrossPitaevskii equation, which is used to describe the system. We use an elegant and
numerically efficient method for the analytical continuation of the Gross-Pitaevskii
equation with dipolar interactions containing bicomplex numbers. The Bose-Einstein
condensate with dipole interaction shows a much richer bifurcation scenario than a
condensate without long-range interactions. The inclusion of analytically continued
states can also explain property changes of bifurcation points which were hidden before,
and allows for the examination of the properties of the exceptional points associated
with the branch points. With the new analytically continued states we are able to
prove the existence of an exceptional point of fifth order.

PACS numbers: 03.75.Kk, 11.30.Er, 03.65.Ge

1. Introduction
Recently PT -symmetric systems have gained much attention. Such systems do feature
a special class of non-Hermitian Hamiltonians which exhibit special properties such as
a real eigenvalue spectrum [1]. An operator is considered to be PT -symmetric if it
commutes with the PT -operator,
[PT , H] = 0,

(1)

where P is the parity operator (x̂ → −x̂ and p̂ → −p̂), and T is the time-reversal
operator which changes p̂ → −p̂ and i → −i. For a system of which the Hamiltonian
can be written as
H = −∆ + V (x),

(2)

PT -symmetry implies the condition
V (x) = V ∗ (−x)

(3)
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for the (complex) potential. In such a system the imaginary part of the potential
represents the in- and out-coupling of particles into or from an external reservoir.
Quantum systems fulfilling this property have been studied in, e.g., [1–4]. However,
the concept of PT -symmetry is not restricted to quantum mechanics. The first
experimental realization of PT -symmetric systems was indeed achieved in optical wave
guides where the effects of PT -symmetry and PT -symmetry breaking were observed [5].
These first breakthroughs have increased the research effort put into this field [6–9]. PT symmetric systems have also been studied in microwave cavities [10], electronic devices
[11, 12], and in optical [13–22] systems. Also in quantum mechanics the stationary
Schrödinger equation was solved for scattering solutions [3] and bound states [4]. The
characteristic PT -symmetric properties are still found when a many-particle description
is used [23]. In [24] a PT -symmetric system was embedded as a subsystem into an
hermitian system, showing that the subsystem retained its PT -symmetric properties.
In the first realizations of Bose-Einstein condensates [25–27] atoms without longrange interactions were used. Here the dominating interactions can be described by
s-wave scattering. However, when other atoms with a large dipolar moment were
investigated [28–31] new effects emerged. Depending on the strength of the dipoledipole interaction a novel behaviour can be introduced into the condensates, such as an
anisotropic collapse of 52 Cr atoms [32].
Bose-Einstein condensates described by the Gross-Pitaevskii equation can be placed
in a PT -symmetric potential. While new effects of condensates with long-range
dipole-dipole interactions have been found [33–35] when placed in a double-well trap,
completely new structures arise if additional gain and loss terms are introduced.
Different processes for the realisation of loss and gain in a condensate were proposed.
For the loss of particles the use of a focused electron beam [36] at the loss site
was examined. The gain might be realized by feeding the condensate from a second
condensate [37] in a Raman super-radiance-like pumping [38, 39]. Also the coupling to
additional potential wells with a higher or lower potential base could be used [40].
Since the PT -symmetry of the Gross-Pitaevskii equation depends on the PT symmetry of the wave function, effects which change the geometry of the wave function
can lead to additional phenomena. Dipolar Bose-Einstein condensates exhibit such
effects, e.g. structured ground states have been found [41]. Therefore one would expect
that the combination of dipolar Bose-Einstein condensates with a PT -symmetric trap
will lead to a new behaviour. In [42] a Bose-Einstein condensate with long-range
dipole-dipole interaction in a PT -symmetric double-well potential was examined. This
condensate shows a richer, much more elaborate bifurcation scenario with more states
involved than in the case of a condensate with only short-range interactions. Some of
these bifurcations include up to five states, and therefore allow for the possibile existence
of higher-order exceptional points, that is points in the parameter space where the
eigenvalues and eigenfunctions coalesce [43–49].
An analytical continuation of the Gross-Pitaevskii equation provides the
mathematical tool to examine bifurcations and exceptional points in detail. An

Bifurcations and EPs in a PT-symmetric dipolar BEC

3

encircling of exceptional points in complex parameter space can reveal, through the
exchange behaviour of the participating states, the order of the exceptional point [50].
Also additional states and bifurcations which only exist in the analytically continued
space are revealed. We can apply this method to the system investigated in [42] where
bifurcations with up to five states have been observed.
In this paper we will examine this bifurcation scenario in much more detail using an
analytically continued Gross-Pitaevskii equation, therefore allowing us to find additional
(mathematical) states which compose the bifurcations. This mathematical tool also
allows us to expose the exchange behaviour of the exceptional points associated with the
bifurcations. In section 2 we will first give a short recapitulation of the Gross-Pitaevskii
equation and the ansatz of the wave function. In section 3 we will give an introduction
to the analytical continuation with bicomplex numbers and the representation in an
idempotent basis. Finally in section 4 we will present new features in the bifurcation
scenario and examine the properties of the associated exceptional points.
2. Gross-Pitaevskii equation and the time-dependent variational principle
In this section we recapitulate the theoretical description of a Bose-Einstein condensate
using an ansatz of coupled Gaussians for the wave function. We use the following
parameterization of the Gross-Pitaevskii equation


d
(4)
−∆ + csc |ψ(x, t)|2 + Vd + Vext ψ(x, t) = i ψ(x, t)
dt
with the scattering length csc . The long-range dipole interaction is described by the
dipole potential
Z
2
2
3 0 1 − 3 cos θ
Vd = cd d x
|ψ(x0 , t)|
(5)
0
3
|x − x |
with the dipole strength cd = 1 and the angle θ between x−x0 and the dipole alignment.
A more complete overview of the theoretical description and experimental realisation
can be found in [51]. We describe the external double-well potential by two Gaussian
beams [42]
Vext =

2
X
i=1


cg,i exp −(xT Ag,i x + xT qg,i + γg,i ) ,

(6)

where cg,i defines the amplitude, A, q and γ define the shape and location of the
Gaussian beams. The two wells are located at q = (±xpos , 0, 0) symmetrically with
respect to the origin and with the amplitude
cg,1 = V0 + iΓ and cg,2 = V0 − iΓ,

(7)

and therefore fullfilling the requirement (3) for a PT -symmetric potential. The
parameter V0 represents the strength of the real potential, and Γ determines the strength
of the in- and outcoupling of particles from an external reservoir. We are especially
interested in how a change of the in- and outcoupling strength Γ effects the bifurcation
behaviour.
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To obtain the equations of motion we apply the time-dependent variational principle
by McLachlan [52] to (4). To fullfil the GPE as best as possible the difference betweeen
the two sides of the equation
∂
(8)
I = ||iψ − H ψ ||2
∂t
|{z}
=:φ

is minimized. For a given time t the wave function ψ is pinned and the time-derivative
φ is varied. Hence, if I is a minimum for small δφ the change of δI must vanish. We
make an ansatz of coupled Gaussians for the wave function
ψ(x, t) =

N
X

k

g =

k=1

N
X
k=1

exp − xT Ak x + pTk x + γk



(9)

where the complex symmetric matrix A defines the shape of the Gaussian, the complex
momentum vector is given by p and the complex number γ defines the amplitude and
phase of the Gaussian. This ansatz does not allow for arbitrary matrices A, e.g. matrices
which contain a negative gaussian widths are not normalizable and are not accepted as
solutions.
Because our trap exhibits a strong confinement in the y direction [42] we can
introduce further restrictions to the ansatz of our wave-function. We do not consider
all rotational and translational degrees of freedom in the direction of the confinement
(Axy = Ayz = py = 0). With the help of the time-dependent variational principle one can
obtain the time derivatives of the Gaussian parameters Ȧk , ṗk and γ̇k [42]. A numerical
root search can be performed to obtain the stationary states. It was shown [53] that
the variational principle, while being numerically cheap, provides results with extremely
high quality. For all calculations in this paper, an ansatz of N = 2 coupled Gaussians
was chosen, i.e. the wave function is approximated in each well by one Gaussian function
(but they are not restricted to a specific location).
3. Analytical continuation
The non-analyticity of the Gross-Pitaevskii equation (4), due to the square modulus of
the wave-function, prevents us from examining the exchange behaviour of exceptional
points. Also since the equation is not analytical the number of states can change from
one side of the bifurcation to the other [42]. It has been shown for simpler systems
without long-range interactions that with an analytical continuation [50, 54] the whole
bifurcation scenario of the equation is revealed and the complete relation between the
different stationary states can be observed. But since the Gross-Piaevskii equation is
non-analytical and already in the complex domain, the analytical continuation has to
go beyond the complex domain. One way to perform the analytical continuation is
to separate all complex equations and complex parameters into twice the number of
real equations with twice the number of real parameters. Then these equations can
be analytically continued. An equivalent alternative is the introduction of bicomplex
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numbers. In this approach the complex numbers C are replaced by bicomplex numbers
BC [55]. Both methods are mathematically completely equivalent, however, the second
approach is much more elegant since it provides huge numerical benefits as we will
see in the following discussion. Note that there are different hypercomplex numbers.
But for the description we have in mind only bicomplex numbers have the correct
properties. Furthermore this choice ensures that while extending the original model, all
its properties and states are contained and no imformation is lost. In other scenarios
different hypercomplex numbers are used and appropriate, e.g. quaternions and coquaternions are discussed in [56, 57].
3.1. Bicomplex numbers
We first recapitulate some basic properties of bicomplex numbers [55]. In contrast to
complex numbers bicomplex numbers have three imaginary units with the following
properties
k = ij , i2 = j2 = −1 , k2 = 1.

(10)

To analytically continue a complex equation we split the equation into its real and
imaginary part
z = zr +i zi .
|{z} |{z}
∈R
∈R
{z
}
|

(11)

∈C

These real and imaginary parts can be extended to complex numbers with the imaginary
unit j. Then z becomes a bicomplex number
z = ( z0 +j z1 ) +i ( z2 +j z3 ) = z0 + jz1 + iz2 + kz3 .
|{z} |{z}
|{z} |{z}
∈R
∈R
∈R
∈R
{z
} |
{z
}
|
∈Cj

(12)

∈Cj

|

{z

∈BC

}

The complex numbers Cj with the imaginary unit j are isomorphous to the complex
numbers Ci with the imaginary unit i.
3.2. Representation of bicomplex numbers in the idempotent basis
There exists a representation of bicomplex numbers in an idempotent basis. Let us first
consider the two idempotent elements
1+k
1−k
e⊕ =
and e =
,
(13)
2
2
which fullfil the relations
2

e⊕ = e⊕ , e

2

= e and e⊕ e = 0.

(14)

These properties allow us to decompose every bicomplex number of the form (12) into
z = ((z0 + z3 ) + (z2 − z1 )i) e⊕ + ((z0 − z3 ) + (z2 + z1 )i) e
= z ⊕ e⊕ + z e .

(15)
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The coefficients z ⊕ and z can be chosen to be either elements of Ci or Cj . In our
calculations we choose the Ci representation. We can now consider the implication the
idempotent properties have on the basic arithmetic operations. One finds that [55]
a ± b = (a⊕ ± b⊕ )e⊕ + (a ± b )e ,
⊕

⊕

⊕

a · b = (a · b )e + (a · b )e ,
a/b

⊕

⊕

⊕

= (a /b )e + (a /b )e ,

(16a)
(16b)
(16c)

viz. the operations can be performed independently for the plus and minus components
in the complex subspaces. These properties allow us to use a very efficient numerical
implementation (which uses already existing algorithms). In particular for terms which
contain the dipolar potential a highly optimized algorithm for complex numbers is
available. If the method without bicomplex numbers would have been used other
integrals had to be solved, for which no algorithms exist. We will see in the next
section that special care must be taken if a calculation involves the complex conjugate.
3.3. Complex conjugation
There exist different kinds of complex conjugations for bicomplex numbers. In [58]
possible conjugations and new PT -symmetries are discussed. However, for our
application only one is relevant, since our goal is that the extended model contains
all states and properties of the original model. In order to determine which one must be
used we first consider the complex conjugation which occurs in (4) without the bicomplex
continuation. We start with the complex conjugation of the real and imaginary part of
the complex number
z ∗ = zr − izi .

(17)

Now the analytical continuation is applied by replacing the real and imaginary parts
with complex numbers with the imaginary unit j
z ∗ = (z0 + jz1 ) − i(z2 + jz3 ) = z0 + jz1 − iz2 − kz3 .

(18)

This complex conjugation changes the sign of all i and k components. Using this complex
conjungation we can write the modulus squared of the wave function in (4) as
|ψ|2 = hψ|ψiBC = ψ ∗ ψ.

(19)

This complex conjugation also must be used in inner products. Note that in the
representation of the idempotent basis the complex conjugate reads
z ∗ = z e⊕ + z ⊕ e ,

(20)

where the bar denotes the complex conjugation with z ⊕ , z ∈ Ci .
3.4. Decomposition of the GPE using the idempotent basis
With the properties shown so far we can examine the analytical continuation of the
Gross-Pitaevskii equation. A linear set of equations, such as the one obtained by the
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time-dependent variational principle [59], can be decomposed into two linear systems of
equations using the idempotent basis
K⊕ v⊕ = r⊕ ,

(21a)

K v =r .

(21b)

The vectors r⊕ , r and the matrices K⊕ , K contain both plus and minus coefficients
of the Gaussian parameters. The elements of the bicomplex matrices K and vectors r
are of the form [59]
hgl |αn β m V |gk iBC

(22)

with α, β = x, y, z and n, m ∈ N, and the Gaussians gl , gk . If the bicomplex conjugate
described in (20) is used, one can decompose the expression into
hgl |αn β m |gk iBC = gl αn β m V ⊕ gk ⊕ e⊕ + gl ⊕ αn β m V

gk

e .

(23)

This representation allows us to use an existing algorithm for complex numbers to
calculate the necessary integrals. The algorithm just must be called twice for the
appropriate parameter sets. For elliptic integrals the Carlson algorithm [60] can be
used. However, the largest numerical improvement is achieved by using the highly
optimized algorithm presented in [59] for the numerical integration of the dipolar term.
Finally we examine how the control parameters, which were real numbers before
the analytical continuation was applied, can be represented in the idempotent basis.
Originally the scattering length csc was real. After the complex continuation it assumes
the form
csc = c0sc + jc1sc ,

(24)

with c0sc , c1sc ∈ R. We can now represent this parameter in the idempotent basis
csc = c0sc + jc1sc = (c0sc − ic1sc ) e⊕ + (c0sc + ic1sc ) e .
| {z }
| {z }
csc ⊕

(25)

csc

Since there are only two idependent real parameters the relation c⊕ sc = c sc is fullfilled.
The same also applies for the in- and out-coupling parameter Γ.
Another special parameter type exists. If the bicomplex number z only contains a
real part and an imaginary part for the complex unit i, but not for j or k, the number
can be decomposed in the idempotent basis in such a way that the two coefficients are
equal, i.e. z ⊕ = z .
4. Results
4.1. Bifurcation scenario of a BEC without long-range interaction
To compare the bifurcation scenario between a BEC with and without dipolar
interaction, a short recapitulation of the bifurcation scenario of a BEC without longrange interactions is given in this section. This scenario has been discussed in detail in
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Figure 1. Bifurcation scenarios of a Bose-Einstein condensate without long-range
interaction. The underlying equation (26) was analytically continued using bicomplex
numbers. Solutions which exist in the complex plane are represented by solid lines.
Solutions which require the analytical continuation are shown as dashed lines. States
which are PT -symmetric are denoted by the subscript s, while states which break this
symmetry are denoted by a.

previous publications [61–64]. The bifurcation scenario of such a PT -symmetric double
well system can be described by the matrix equation
!
!
!
−g|ψ1 |2 − iγ
v
ψ1
ψ1
=µ
(26)
v
−g|ψ2 |2 + iγ
ψ2
ψ2
with the coupling strength v, the nonlinearity g, and the in- and outcoupling strength
γ.
In the linear case g = 0 there exist two parameter ranges for the in- and out-coupling
strength γ. In the regime below a critical parameter γc there are two PT -symmetric
solutions, which merge in a tangent bifurcation (O1 in figure 1(b)) at the critical
parameter γc . For values greater than this critical strength, there exist two PT -broken
solutions with complex chemical potentials. The tangent bifurcation in this scenario
is a second-order exceptional point. One can observe the pitchfork bifurcation (O2 in
figure 1) which occurs on the upper PT -symmetric branch for values of −2 < g < 0
(see figure 1(a)) and switches to the lower PT -symmetric branch for values of 0 < g < 2
(see figure 1(c)). This bifurcation vanishes for values g < −2 or g > 2 (see figure 1(d)).
We will see that a bifurcation similar to bifurcation O1 appears in a dipolar BoseEinstein condensate. The behaviour of the bifurcation O2, which also occurs, will be
altered in certain parameter regions. The change in behaviour is also dependent on new
emerging bifurcations.
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Figure 2.
Real and imaginary parts of the plus and minus component of the
bicomplex mean-field energy in a dipolar Bose-Einstein condensate with scattering
length csc = −0.9. The mean-field energy is composed as Emf = Emf ⊕ e⊕ + Emf e .
States which exist without the analytical continuation into bicomplex values must obey
Emf ⊕ = Emf and are shown as solid lines. States which exist only in the bicomplex
domain are shown as dashed lines. The four bifurcations which occur between the
states are marked with B1 to B4. As discussed in [42] states s1 and s2 obey PT symmetry from Γ = 0 up to the bifurcation B1. Beyond this point the states are
PT -broken.

4.2. Results for a BEC with long-range dipole interactions
The calculations for the analytically continued GPE (4) reveales the complete bifurcation
structure of the system. In addition to the known stationary states which exist in the
complex domain new states which are truly bicomplex are found. With these new states
all branches of the bifurcations are present. In addition it is possible to evaluate the
exchange behaviour of the exceptional points.
In figure 2 eigenvalues for states with csc = −0.9 are shown. The states which are
purely complex (solid lines) are already known from [42]. Since these states are complex
the relation
Emf ⊕ = Emf

(27)

holds true. The real and imaginary parts of the mean-field energy are


i
1
Emf ⊕ + Emf
and Im Emf =
Emf ⊕ − Emf .
(28)
Re Emf =
2
2
The imaginary part of the mean-field energy exists due to the loss or gain of particles
in the system. For the states present in the original model the real and imaginary parts
of the energy are real numbers. For new analytically continued states these numbers
are now complex. The relation (27) no longer holds true for states living only in the
bicomplex space (dashed lines). Since all branches of the bifurcations are now present,
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Figure 3.
Mean-field energies Emf ⊕ for different values of csc . The different
bifurcation points are denoted by B1, B2, B3a and B3b. When the bifurcations B3a
and B3b coincide they are marked by B3. The bifurcation B2 does not exist in (a).

there exist six states for the whole parameter range of Γ. The chemical potential exhibits
the same qualitative behaviour as the mean-field energy. Since the qualitative behaviour
is the same in the plus and minus components only the plus component of the mean-field
energy is discussed in the following.
In figure 3 the real and imaginary parts of the plus component of the mean-field
energy are shown for different values of the scattering strength. For small values of Γ the
states s1 and s2 show the typical behaviour also known from BECs without long-range
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Figure 4. For a scattering length of csc,crit,1 = −0.93063 the bifurcations and EP2s
B1 and B2 merge. This can be seen in subfigure a) and the resulting bifurcation is
marked as B12. In subfigure c) the EPs and bifurcations B2, B3a and B3b merge for
csc,crit,2 = −0.93365 into a higher order exceptional point which is denoted by B23.
Subfigure b) shows the bifurcation scenario for an intermediate scattering length of
csc = −0.932.

interactions. They merge in a tangent bifurcation B1. Up to this point the states also
exist without the analytical continuation. For larger Γ they become bicomplex. This
qualitative behaviour is independent of the scattering length, only the critical point is
slightly shifted.
The bifurcation B2 undergoes multiple behaviour changes for different scattering
lengths. Also this bifurcation does not always exist (see figure 3(a)). For smaller
scattering lengths the bifurcation appears at Γ = 0. This is a pitchfork bifurcation
between the states s1, s3, and s6. The bifurcation moves along the state s1 to larger Γ as
the scattering length is decreased (see figure 3(b) and (c)). At a critical scattering length
csc,crit,1 = −0.93063 the bifurcation merges with the bifurcation B1 (see figure 4(a)).
For even smaller scattering lengths the bifurcation moves back to Γ = 0 along the state
s2. The pitchfork bifurcation is now formed between the states s2, s3, and s6 (see
figure 4(b)). However, before the bifurcation reaches Γ = 0 another critical scattering
length is reached. At csc,crit,2 = −0.93365 the bifurcation B2 merges with the bifurcations
B3a and B3b (see figure 4(c)). At this point the behaviour of the bifurcation is altered.
For larger scattering lengths at smaller Γ the participating states exist only for the
bicomplex equations (see figure 4(b)), but for larger Γ the states exist in the complex
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Figure 5. Positions of the bifurcations and exceptional points in the Γ-csc -parameter
space. In the inset the merger of multiple bifurcations can be observed. Note that at
the point P3 no merger occurs. There merely exist two bifurcations between different
states at the same point in parameter space.

Gross-Pitaevskii equation (see figure 4(d)) without the bicomplex extension. If the
scattering length is smaller than csc,crit,2 this behaviour is mirrored with respect to the Γaxis. Until the bifurcation vanishes for smaller scattering lengths at Γ = 0 it is composed
of the states s2, s4, and s5. If the bifurcation B2 is compared with the bifurcation O2
of the Bose-Einstein condensate without long-range interactions (see figure 1), the first
change (the merger of B1 and B2) can also be observed. However, the second change
in behaviour is a new effect since the bifurcations B3a and B3b do not exist without
long-range interactions.
We have seen that the merger of the bifurcations B2, B3a, and B3b changes the
behaviour of bifurcation B2. The properties of the tangent bifurcations B3a and B3b
are altered. For scattering lengths greater than csc,crit,2 the bifurcations B3a and B3b
are bicomplex for larger Γ (i.e., the states have components of the imaginary units j and
k). However, for Γ below the critical value only the real component and the component
with complex unit i is nonzero (see figure 4(b)). For smaller values of the scattering
lengths the states in both Γ regions are bicomplex, i.e., they only exist as solutions of
the analytically continued Gross-Pitaevskii equation (see figure 4(d)).
We have found that the critical scattering length parameters, which divide the
parameter region with different behaviours, are related with the merger of multiple
bifurcations. In figure 5 the parameter pairs of the scattering length csc and Γ are
shown at which the different bifurcations occur. One observes three points at which the
parameters of two different bifurcations become identical. Point P3 is not special, the
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states which are involved in the two bifurcations (B1 und B3) have different eigenvalues
and wave functions. Therefore just two independent bifurcations occur at the same
parameter pair. By contrast at P2 the bifurcations B1 and B2 are joined into one
bifurcation. The bifurcation scenario is shown in figure 4(a). Another bifurcation merger
appears for the parameters at point P1. The resulting bifurcation, which consits of B2,
B3a, and B3b is shown in figure 4(c). These merger points are also of special interest
because they have the prerequesites necessary that exceptional points of higher order
can appear.
4.3. Exchange behaviour of the states around the exceptional points
We now examine which signatures of exceptional points can be observed. In [47, 50] it
was discussed that a complex encircling of a higher order exceptional point does not
have to exhibit an exchange of all states which are involved in the exceptional point.
Using different parameters to encircle the EP can show different exchange behaviour.
The second-order exceptional points of the tangent bifurcations B1, B3a, and B3b
show the expected square root behaviour by exchanging each state with the other (see
figure 6(a,c,d)) when the point is encircled in the complex parameter space. On the other
hand the third-order exceptional point at the bifurcation B2 only shows the exchange of
two states. For the encircling in the complex Γ a cubic root exchange behaviour cannot
be observed (see figure 6(b)).
In figure 7(a) we show the exchange behaviour of the states involved in P2 where
the bifurcations B1 and B2 merge. When encircling the exceptional point in a complex
Γ-parameter plane an exchange within pairs of states is found, however, these two
exchanges are separated and no exchange between all four states can be observed.
Therefore it is unclear whether these are two second-order exceptional points or one
fourth-order exceptional point. Also by encircling the critical point in the complex
scattering length plane does not change the qualitative behaviour, again only two states
exchange. To prove that this must be an EP4, one must search for further complex
perturbation parameters. However, since for an exceptional point of order n, all n
eigenvalues and eigenstates must coalesce [43] we examine the wave functions of the
participating states and they all coalesce at the critical point (which means that for the
ansatz of coupled Gaussians all Gaussian parameters must be the same, which is indeed
the case).
The same examination can be performed for the merger of the bifurcations B2,
B3a, and B3b (point P1). At this critical point five eigenvalues coalesce. A circle in the
complex Γ plane reveals the signature of four exchanging states (see figure 7(b)). Again
the circle can be repeated in the complex scattering plane (figure 7(c)) resulting in the
same exchange behaviour. In this case the question arises whether this is an EP4 or an
EP5. The exchange behaviour proves that the order of the exceptional point must be at
least four. All wave functions of the participating states coalesce at the critical point,
however, to finally decide whether this is an EP5 further perturbation parameter must
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Figure 6. Characteristic exchange of states when an exceptional point is encircled
in the complex parameter space. In this case the bifurcation B1 (subfigure (a),
Γcenter = 1.03904, r = 10−3 ), bifurcation B2 (subfigure (b), Γcenter = 0.71967,
r = 2 × 10−3 ), bifurcation B3a (subfigure (c), Γcenter = 1.10296, r = 10−4 ) and
bifurcation B3b (subfigure (d), Γcenter = 1.10296, r = 10−4 ) are encircled on the
parameter path Γ(x) = Γcenter + rejφ for φ ∈ [0, 2π]. All plots were calculated for a
scattering length of csc = −0.9.

be examined.
We introduce a new asymmetry parameter in (4), which lifts or lowers the potential
wells
cg,1 = (V0 + s) + iΓ and cg,2 = (V0 − s) + iΓ.

(29)

The new parameter s allows us to break the remaining trap symmetry of the system, e.g.
one potential well is deepend, while the other is flattened. We encircle the bifurcation
for the scattering length csc,crit,2 = −0.93365 and the coupling parameter Γ = 1.03215
on the path
s = 5 × 10−5 ejφ for φ ∈ [0, 2π]

(30)

and observe a permutation of all five states with each other (see figure 8). Thus we have
proven the existence of an exceptional point of order five in this system.
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Figure 7. (a) and (c) show the exceptional point at the coalescence of bifurcation
B1 and B2 at csc,crit,1 = −0.93063 and Γ = 1.03531. (b) and (d) show the exceptional
point for the merger of the bifurcations B2, B3a and B3b at csc,crit,2 = −0.93365 and
Γ = 1.03215. The exceptional points are encircled in the complex parameter space of
Γ (subfigure (a) and (b)) with a radius of r = 10−3 . In (c) and (d) the exceptional
points are encircled in the complex parameter space of csc . The radius of the circle is
r = 4.65 × 10−4 in (c) and r = 2 × 10−4 in (d). One exceptional point (subfigure (b)
and (d)) exhibits the full exchange behaviour of a fourth-order exceptional point, in
which the original situation is not reached until the point is encircled four times. By
contrast the other exceptional point in (a) and (c) has two separated groups of states
which only exchange with each other, and therefore the starting condition is already
reached again after two full orbits.
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Figure 8.
Mean-field energies Emf ⊕ when the exceptional point where the
bifurcations B2, B3a, and B3b coalesce is encircled in the complex symmetry-parameter
space s defined in (30).

5. Summary and conclusion
We have shown how the Gross-Pitaevskii equation for dipolar Bose-Einstein condensates
can be analytically continued with an ansatz of coupled Gaussians using bicomplex
numbers. Especially the representation in the idempotent basis of the bicomplex
numbers can be used to separate the bicomplex equations into twice the number of
coupled complex equations. This allows for the reuse of an algorithm developed for the
integration of the complex equations.
By solving the analytically continued equations we have shown that a dipolar
Bose-Einstein condensate in a PT -symmetric trap exhibits a much richer bifurcation
scenario than a condensate without long-range interactions. Most of the properties
examined in this paper have revealed interesting mathematical relations in the bicomplex
parameter space, which is experimentally inaccessible. However, the understanding of
the bifurcation scenrio is important since bifurcations influence crucially the stabiliy of
a condensate [64].
Furthermore the additional states, while not experimentally accessible, allow us
to examine the order of the exceptional points. Higher-order exceptional points were
found in other systems such as EP3s in the hydrogen atom [44] or in Bose-Einstein
condensates [49]. Even exeptional points of arbitrary order were shown to exist in
a Bose-Hubbard model [46]. However, no EPs with an order higher than three were
known for a BEC described by a mean-field model.
With the new (bicomplex) states we have demonstrated the properties of the
exceptional points associated with the bifurcations (section 4). In particular the critical
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points where two or three bifurcation coalesce were examined. By having shown that a
parameter exists for which the encircling of the critical value results in the permutation
of all five states participating in the exceptional point, we have indeed proven a fifthorder exceptional point in dipolar Bose-Einstein condensates.
It was shown [65] that the signatures of exceptional points influence the collapse
dynamics of Bose-Einstein condensates. With the help of a harmonic inversion analysis
[66] the order of degeneracies can be translated into polynomial terms in the timeevolution. Further studies will reveal the influence of such higher-order exceptional
points on the collapse dynamics.
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